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Introduction
The aim of this study was to evaluate the application of a recently developed method for two-dimensional hydrodynamic flow driven contact, to a simple model of the mitral heart valve within a left ventricle. As the physical mechanism leading to contact (i.e. valve closure) is fluid flow (Bellhouse, 1972; Caro et al., 1978) a simultaneous and transient fluid-structure interaction (FSI) simulation was performed. A finite element (FE) method was used for simulations, including solution of computational fluid dynamics (CFD).
Recently, several FSI mitral valve models have been developed which include simulation of valve closure Lau et al., 2010; Einstein et al., 2005a Einstein et al., & 2005b Kunzelman et al., 2007; Vigmostad et al., 2010; Yin et al., 2010) .
However, these FSI simulations use penalty methods that require alterations to certain properties, such as bulk modulus, being set to 1% of its true value (Lau et al., 2010) . A commercially available multi-physics package (Comsol Multi-physics v3.3, Comsol Ltd, London, UK) overcomes such limitations, enabling true simultaneous coupling of distinct physical states, including FSI. However, implementation of contact modelling has limitations for transient studies. An applicable transient contact method was, therefore, developed (Espino et al., 2012a) and applied to simultaneous FSI simulations (Espino et al., 2012b) .
Simultaneous FSI solutions are well suited to heart valve modelling as instabilities may occur using iterative approaches (see Peskin, 1972 Peskin, & 1977 . In heart valves, flow of blood provides the loading conditions for valve opening and closure (Caro et al., 1978) , and flow patterns affect how the valve opens or closes (Bellhouse, 1972) .
The motion of the valve structure then alters the flow patterns; early valve closure during 4 the inflow stage in the heart is dependent on flow patterns set up behind the valve leaflets (Caro et al., 1978) . Thus, mechanical replacements (Stijnen et al., 2004) , aortic (De Hart et al., 2000 & 2003a and mitral valves (Van Loon et al., 2006) have been modelled under simultaneous FSI conditions. Simultaneous FSI simulations calculate the reaction force that the fluid exerts on the structure on shared boundaries (Dowell & Hall, 2001; Wall et al., 2006; Van de Vosse et al., 2003) . Lagrange multipliers are used to determine these forces. A weak formulation is necessary to determine Lagrange multipliers. Two-way coupling is achieved by constraining the fluid velocity to be equivalent to the structural timedependent deformation (Dowell & Hall, 2001; Wall et al., 2006; Van de Vosse et al., 2003 ). An Arbitrary-Lagrange-Euler (ALE) mesh is used to enable both FE and CFD analysis (Donea et al., 1982; Formaggia & Nobile, 1999 ). We have previously described a new large strain contact method for FSI modelling (Espino et al., 2012b) .
In this paper, a simplified two-dimensional FSI model of the mitral valve has been solved using this new method. The model has been used to evaluate the potential of a true multi-physics model to overcome limitations encountered when using other FSI strategies.
5
Methods
Geometry
Contact was simulated for a two-dimensional simplified model of the mitral valve within the left ventricle of a heart (figure 1). The two-dimensional model simplified the left ventricle as half an ellipse, which is truncated. A small section of 'aorta' (outflow tract from the left ventricle) was added to the original model, in order to mimic the outflow tract from the heart. The two contacting leaflets are in the position of the mitral valve. In contrast to the published diastolic model (Al-Atabi et al., 2010) , the mitral valve leaflets are set to the same geometry and their tips are set as touching.
Material properties
The two contacting structures were considered to be isotropic, homogenous and to have a linear stress-strain relationship. Fluid properties matched those of blood assuming blood to be an incompressible and Newtonian fluid (a valid assumption under large scale flow, as occurs through the left ventricle out towards the aorta) (Caro et al., 1978) . All properties used (table 1) were obtained from literature (Clark, 1973; Kunzelman & Cochran, 1992; Barber et al., 2001; De Hart et al., 2000; 2003a; Kunzelman et al., 1993; Votta et al., 2002; Maisano et al., 1999; Redaelli et al., 2001; Bellhouse, 1972; Caro et al., 1978; Kaur, 2007; Millard et al., 2011) .
Boundary conditions
For fluid boundaries (figure 1), pressure was applied from the boundary at the apex of the heart, i.e. the truncated segment of the ellipse, using equation 1: 1 where P, P p and t, refer to the pressure, peak pressure (16 kPa) and time, respectively. A total time (T) of 0.3 s was set for this simulation, in order to mimic systolic timing in the left ventricle of the heart.
A time-dependent outflow velocity was applied at the boundary of a simplified aorta (equation 2). All other boundaries of the left ventricle were set as no-slip (i.e. 0 m/s for the non-moving ventricular walls), with the exception of the boundaries of the valve leaflets in contact with the fluid domain. Fluid at these shared boundaries was set to have a velocity equivalent to the velocity of the moving structure; i.e. the valve leaflet, according to equation 3.
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where u, v, and v p refer to x-and y-axis and peak y-axis velocities (the latter was set at 1.5 m/s), respectively. Note, the x-and y-axis define two orthogonal axes of a Cartesian coordinate system, where the former is parallel to inflow and outflow boundaries of the model and the latter is perpendicular to these as shown in figure 1b.
For structural boundaries, mitral valve leaflet tips and annular edges were where the summation of the local contact force at the n th contact vertex, B n , was calculated for each contact vertex as described elsewhere (Espino et al., 2012a) . L defines the total length between the contact vertices and l the distance along this length of a given point. The force between adjacent contact vertices was defined by linear interpolation.
Solving Fluid-Structure Interaction
Simultaneous solution of fluid and structure, and their interaction, requires constraints that enforce the coupling. The velocity constraint defined by equation 3 coupled fluid flow to structural changes. Equal and opposite reaction forces from the fluid on the structure ensured a two-way coupling. These forces are equivalent to Lagrange multipliers determined using a (non-ideal) weak formulation of fluid dynamics. Fluid dynamics were solved using the continuity and incompressible Navier-Stokes equations, assuming Newtonian flow, using a full stress tensor. Corner smoothing and anisotropic streamline diffusion were included to improve simulation of flow around corners and flow-field predictions without requiring increase mesh resolution. Further detail on these techniques is provided elsewhere (Espino et al., 2012b) .
A moving ALE mesh was applied to boundaries shared by the valve leaflets (structure) and blood (fluid). This enabled the mesh to follow structural changes over leaflets and displace freely over the meshed blood. No re-meshing was used but Winslow smoothing was applied to improve the resultant mesh (Winslow, 1966) . All other boundaries had a fixed mesh (figure 1b). A total of 11 variables were solved for each node (table 2) . These variables included: solid domain deformation; fluid domain 8 pressure, velocities (and the corresponding Lagrange multipliers) as well as ALE-mesh domain displacement (and Lagrange multipliers).
Analysis
The finite element analysis package Comsol Multi-physics (v3.3, Comsol Ltd, London, UK) was used to solve the FSI model under time dependent conditions. The structural mechanics package was used to analyse the leaflets. This enabled the use of a large deformation setting allowing determination of Green strains and Cauchy stresses, as reported previously (Espino et al., 2012a) . Further details on such stresses and strains are available elsewhere (Appleton, 1996) .
A direct UMFPACK solver (i.e. one that uses an unsymmetric multifrontal method) was used for the time-dependent simulation. Transition from one time step to the next occurred once the estimated model error was below a set tolerance, as discussed previously (Espino et al., 2012a) . Time-stepping was defined using a backward differentiation formula (Heath, 1997) , which uses an interpolating polynomial function to determine the subsequent time-step to solve (table 2) .
Results
Peak stress concentrations on the leaflets were found at the restrained tips. Other regions of high stress included the restrained base of the leaflets. Regions of greater curvature also had higher stresses than flatter regions (figures 2 & 3). Peak von Mises leaflet stresses at 0.3 s (i.e. peak applied pressure) were in the region of 0.5 MPa (table 3) . Peak
Cauchy leaflet stresses at 0.3 s occurred along the x-axis and were in the region of 0.6
MPa with a corresponding peak Green strains of the order of 0.2 (table 3) . Peak strains were predicted towards the leaflet free edge and lowest strain towards the leaflet annulus.
Contact stresses developed at leaflet contact boundaries were approximately an order of magnitude lower than the stresses generated within the leaflets ( figure 3 & table 3 ).
Contact between the two leaflets increased during systolic pressure rise.
Recirculation behind the posterior leaflet developed with increasing pressure with time (figure 2) during outflow through the aorta. Peak velocity in the ventricle was 2.4 m/s at 16.1 kPa pressure. The corresponding Reynolds numbers were low (table 4). Peak vorticity was 1 × 10 3 s -1 which is defined as the curl of the velocity field (Granger, 1985) .
Discussion
A transient simultaneous FSI mitral valve model has been developed using an ALE mesh and includes contact modelling. Recently FE (Prot et al., 2010; Wenk et al., 2010) and FSI Lau et al., 2010; Einstein et al., 2005a Einstein et al., & 2005b Kunzelman et al., 2007; Vigmostad et al., 2010; Yin et al., 2010) multi-physics models (Cross et al., 2007) .
FSI simulations enable certain limitations of FE analyses to be overcome. For example, FE analysis of heart valves requires the tissue density to be set to ten-times physiological values to replicate the "effective" mass-density (Kunzelman et al., 1993 ).
In our model similar, but physiological, leaflet and blood density values were used. One advantage is that this leads to negligible buoyancy effects (De Hart et al., 2003b) .
The two-dimensional, simultaneous, FSI mitral valve model, described here, has several limitations including linear pressure and velocity increases and simplified geometry. Material properties of leaflets were implemented as linear and homogenous and the fluid was assumed Newtonian with constant viscosity. However, this study aimed to determine the feasibility of developing a suitable ALE-based, simultaneous, mitral valve transient FSI simulation with true multi-physics coupling. While the geometry was simplified, we included a heart chamber as in our diastolic model (Al-Atabi et al., 2010) .
It has since been shown that the left ventricle should be included in FSI models of the mitral valve for prediction of physiological fluid dynamics (Lau et al., 2010) . Many mitral valve FSI models have ignored this, instead simulating a two-dimensional beam in a conduit (van Loon et al., 2006) or three dimensional models of either the mitral valve (Einstein et al., 2005a (Einstein et al., & 2005b Kunzelman et al., 2007) or a chorded synthetic polyurethane replacement in a conduit (Watton et al., 2007; Yin et al., 2010) . The importance of the left ventricle to flow patterns in the heart is discussed elsewhere (Bellhouse, 1972) . Having determined the value of this method for mitral valve modelling, future development will aim to include a non-Newtonian blood description, non-linear material properties, and equations defining pressure and velocity. The geometry will be developed into three-dimensions. This would enable modelling of non symmetric effects across the valve, as occur during ischemic mitral regurgitation (Wenk et al., 2010 . Such changes will increase the computing requirements for modelling; however, it is feasible to develop a model of this kind. Critically, such models may enable limitations encountered by other FSI strategies to be overcome, e.g. penalty methods that lead to properties, such as bulk modulus, being set to 1% of its true value (Kunzelman et al., 2007; Lau et al., 2010) .
The current two-dimensional model is limited in that it cannot be used to simulate chordae tendineae directly. An example of this limitation, numerically, is the small gap (75 μm) predicted between the leaflets towards their free edge beneath the main contact zone of the leaflets. However, the effect of chordae has been approximated, as the tip of each leaflet free edge was restrained. Thus, the restraining function of marginal chordae (see Al-Atabi et al., 2012; Espino et al., 2005; Obadia et al., 1997 ) is included. However, basal chordae insert away from the leaflet free edge and, although not critical to coaptation, they support higher loads than marginal chordae (Lomholt et al., 2002) . Stress distributions may be altered by their modelling, with three-dimensional models more likely to be more sensitive to their inclusion. This is because a two dimensional model represents the central portions of the anterior and posterior leaflets where no chordae insert. However, three-dimensional FE (Votta et al. 2002) and FSI (Lau et al., 2010 ) models have not always included basal chordae. This might be because simulating the chordal restraining effect can lead to predictions similar to those of a chorded FE model (Dal Pan et al., 2005) .
Our anterior leaflet model did not include the full radial 'sigmoidal' shape of the anterior leaflet (Rodriguez et al., 2005) . However, our model predicted compressive stresses towards the annulus that Rodriguez et al. (2005) anticipated due to the anterior leaflet's shape. The posterior leaflet is concave towards the left ventricle, but 'flatter' than the anterior leaflet at the end of systole (Tibayan et al., 2004) . This represents a limitation of our model as several basal chordae insert into the posterior leaflet and may maintain this flatter shape. Therefore, they may restrict some of the posterior leaflet deformation predicted by our model. However, a certain amount of annular shifting of both valve leaflets occurs under loading (Green et al., 1999) . Thus, we would expect that adding such a restraining effect would reduce, but not remove, the posterior leaflet annular shift.
As the shape of the mitral valve is believed to reduce stress (Salgo et al., 2002) , adding
anatomical complexity to our model may reduce our predicted peak stresses. However, 13 our peak stresses were in the range of 0.5 MPa, comparable to peak stresses predicted by most other models ranging from 0.25 to 0.6 MPa (Dal Pan et al., 2005; Einstein et al., 2005b; Kunzelman et al., 1993; Lau et al., 2010; Votta et al., 2002) . Our peak radial stresses (i.e. oriented from the annulus to free edge) were around 0.36 MPa, which also fall within such a range.
Despite the limitations of our model, the predictions are consistent with experimental results. For example, our model predicted peak radial strains of 12.6%, at a pressure equivalent to 120 mmHg (16 kPa). This compares to strain measurements of up to 14% ex vivo at 120 mmHg (Chen et al., 2004) and 22% in vivo (Sacks et al., 2006) at the higher pressure of 150 mmHg (20 kPa). Our model predicted peak strains towards the leaflet free edge and lowest strains towards the annulus, consistent with an increase in radial strain from the annulus towards the leaflet free edge (Chen et al., 2004) . Moreover, flow patterns predicted by our model showed flow directed out of the aorta, with some flow towards/around the valve leaflets. This is consistent with systolic flow patterns (Reul et al., 1981) .
The rheological properties used to simulate blood in our model were physiological for large scale flow. Our model also includes flow out of the aorta, which provides a flow condition that the mitral valve is exposed to during systole. As we develop this model further we plan to develop our model verification. We previously defined an experimental model to provide some valve opening validation (Al-Atabi et al., 2010) . We plan to further validate our future models using results from our previous studies on mitral valves and their failure (Espino et al., 2005 (Espino et al., & 2007 along with development of the experimental validation method (Al-Atabi et al., 2010) . Heath (1997) .
TABLES
AL defines anterior leaflet, and PL posterior leaflet. 
